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THE DEFECT FUNCTOR OF A HOMOMORPHISM AND
DIRECT UNIONS
SIMION BREAZ AND JAN ZˇEMLICˇKA
Abstract. We will study commuting properties of the defect functor Defβ =
Coker HomC(β,−) associate to a homomorphism β in a finitely presented cat-
egory. As an application, we characterize objects M such that Ext1
C
(M,−)
commutes with direct unions (i.e. direct limits of monomorphisms), assuming
that C has a generator which is a direct sum of finitely presented projective
objects.
1. Introduction
Commuting properties of some canonical functors defined on some categories
play important roles in the study of various mathematical objects. For instance,
finitely presented objects in a category with directed colimits are defined by the
condition that the induced covariant Hom-functor commuted with respect to all
directed colimits. In the case of module categories the equivalence between the
property used in this definition and the classical notion of finitely presented module
was proved by Lenzing in [26]. In that paper it is also proved that there are
strong connections between commuting properties of covariant Hom-functors and
commuting properties of tensor product functors with respect to direct products.
These connections were extended to the associated derived functors in [9] and [12].
Moreover, Drinfeld proposed in [15] to use flat Mittag-Leffler modules in order to
construct a theory for infinite dimensional vector bundles. Recent progresses in this
directions were obtained in [8], [17] and [18]. Auslander introduced in [6] the class
of coherent functors, and W. Crawley-Boevey characterized (in the case of module
categories) these functors as those covariant functors which commutes with respect
to direct limits and direct products, [14, Lemma 1]. This result was extended to
locally finitely presented categories by H. Krause, [24, Chapter 9]. The influence of
these functors is presented in [14] and [20].
Brown [12] and Strebel [32] used commuting properties of covariant Ext1C-functors
with respect to direct limits in order to characterize groups of type (FP). In module
theory an important ingredient used in the study of tilting classes (e.g. [19, Lemma
5.2.18 and Theorem 5.2.20]) is a homological characterization, [19, Theorem 4.5.6],
of the closure lim−→C, where C is a class of FP2-modules. This is based on the fact
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that Ext1R(M,−) commutes with respect to direct limits whenever M is an FP2-
module, [19, Lemma 3.1.6]. In the case of Abelian groups, commuting properties of
Ext1 functors with respect particular direct limits were also studied in [4] and [31].
In this paper we will focus on commuting properties with respect to direct limits
for the defect functor associated to a homomorphism in a locally finitely presented
abelian category. Let us introduce basic notions which we will use in the sequel. Let
M be an object in an additive category C with directed colimits, and G : C → Ab a
covariant functor. Furthermore suppose that F = (Mi, vij)i,j∈I is a directed system
of objects in C such that there exists lim−→Mi. and let vi : Mi → lim−→Mi be the
canonical homomorphisms. Then (G(Mi), G(vij)) is also a direct system, and we
denote by lim−→G(Mi) its direct limit. Moreover, we have a canonical homomorphism
ΓF : lim−→G(Mi)→ G(lim−→Mi)
induced by the homomorphisms G(vi) : G(Mi)→ G(lim−→Mi), i ∈ I.
We say that G commutes with respect to F if ΓF is an isomorphism. The functor
G commutes with respect to direct limits (direct unions, resp. direct sums) if the
homomorphisms ΓF are isomorphisms for all directed systems F (such that all vij
are monomorphisms, resp. all direct sums).
Let C be an additive category with direct limits. We recall from [1] and [2] that
an object M is finitely presented (finitely generated) respectively if and only if
HomC(M,−) commutes with respect to direct limits (of monomorphisms), i.e. the
canonical homomorphisms
ΨMF : lim−→HomC(M,Mi)→ HomC(M, lim−→Mi)
are isomorphisms for all direct systems F = (Mi, vij) (such that all vij are monomor-
phisms). The category C is finite accessible if C has directed colimits and every ob-
ject is a direct limit of finitely presented objects. A cocomplete finitely accessible
category C is a locally finitely presented category.
The notion of defect functor associated to a homomorphism extends the defect
functor of an exact sequence used in [7]. This functor represents generalizations for
the following canonical functors: the Hom-covariant functor induced by an object,
the Pext-covariant functor induced by an object, respectively the Ext1-covariant
functor in the case when C is a functor category.
In Section 2 we introduce the defect functor Defβ : C → Ab associated to a
homomorphism β, and we establish some basic properties for this functor. In
Theorem 3 we show that the canonical decomposition of β induced a short exact
sequence of defect functors. Since Defβ commutes with respect to direct products,
we can apply [14] and [25] to manage the case when Defβ commutes with respect
to all direct limits. Therefore we will focus our study to commuting properties with
respect to particular direct limits.
In Section 3 we study when the natural homomorphism Φβ
F
: lim−→Defβ(Mi) →
Defβ(lim−→Mi), where F = (Mi, vij)i,j∈I is a directed family in C, is an epimorphism.
It is proved that Φβ
F
is an epimorphism for all directed family F (of monomorphisms)
if and only if β is a section in the quotient category of C modulo the ideal of all ho-
momorphisms which factorizes through a finitely presented (generated) object. We
apply these results in Sections 4 and 5 in order to characterize the homomorphisms
β such that Defβ commutes with respect to direct unions or direct sums. Assuming
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that there is no ω-measurable cardinal we prove that it is enough to consider only
commuting of Defβ with respect to countable direct sums (Proposition 26).
In Section 6 (this section includes the results proved in the unpublished man-
uscript [11]) we apply the previous results to characterize objects M in a functor
category with the property that the functor Ext1C(M,−) commutes with respect to
direct unions (Theorem 44). These are exactly the direct summands in direct sums
of projective objects and finitely presented objects. In [15, Section 6] the author
used these objects (called, 2-almost projective modules) in order to study various
kind of objects, e.g. differentially nice k-schemes are defined using 2-almost projec-
tive modules. These objects are also studied in [21] for the case of quasivarieties,
cf. [21, Proposition 4.3].
For the case of coherent categories these are exactly those objects such that the
induced Ext1C-covariant functor commutes with respect to direct limits (Corollary
47). We mention that in fact the structure of these objects can be very complicated.
For such an example we refer to [27, Lemma 4.3].
Furthermore, Theorem 34 gives a description of objectsM for which Ext1C(M,−)
commutes with respect to direct sums using some splitting properties of projective
presentations of M . We close the paper with a discussion about steadiness relative
to Ext1, i.e. the condition when commuting of Ext1(M,−) with respect to direct
sums implies commuting of Ext1(M,−) with respect to direct unions.
In this paper C will denote an locally finitely presented abelian category, i.e.
C is a Grothendieck category with a generating set of finitely presented objects.
Therefore, an object is finitely generated iff it is an epimorphic image of a finitely
presented object [1, Proposition 1.69], and the structural homomorphisms associ-
ated to direct unions are monomorphisms by [1, Proposition 1.62].
2. The defect functor associated to a homomorphism
In order to define the defect functor Defβ associated to a homomorphism β it
is useful to consider, as in [24], the big category (C, Ab) of all additive covariant
functors from C into the category of all abelian groups. Albeit (C, Ab) is not a
category we can construct pointwise all notions which define abelian categories
(kernels, cokernels, direct sums etc.), and the universal properties associated to
these notions can be transfered from C to (C, Ab). For instance, if η : F → G
is a natural transformation then we can define a functor Coker(η) and a natural
transformation µ : G → Coker(η) in the following way: For all X ∈ C we define
Coker(η)(X) = Coker(ηX) = G(X)/Im(ηX), and for every α : X → Y we define
Coker(η)(α) : Coker(η)(X) → Coker(η)(Y ) is the unique map which make the
diagram
F (X)
F (α)

ηX
// G(X)
µX
//
G(α)

G(X)/Im(ηX)
Coker(η)(α)

✤
✤
✤
// 0
F (Y )
ηY
// G(Y )
µY
// G(Y )/Im(ηY ) // 0
commutative, where µX : G(X) → Coker(η)(X) and µY : G(Y ) → Coker(η)(Y )
are the canonical epimorphisms. It is not hard to see that Coker(η) is a functor,
and the collection µX define a natural transformation G→ Coker(η) which has the
same universal property as those which defines the classical cokernel in additive
categories.
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Definition 1. Suppose that β : L→ P is a homomorphism in C. Then β induces
a natural transformation β∗ : Hom(P,−)→ Hom(L,−). The functor
Defβ(−) = Coker(Hom(β,−))
will be called the defect functor associated to β.
It is clear from the previous observation that Defβ is characterized by the con-
ditions:
(i) Defβ(X) = Hom(L,X)/Im(Hom(β,X)) for each object X and
(ii) Defβ(γ)(α + BX) = γα + BY for each objects X,Y and homomorphisms
γ ∈ Hom(X,Y ), α ∈ Hom(K,X) where BX = Im(Hom(β,X)) and BY =
Im(Hom(β, Y )).
In fact, if f : X → Y is a homomorphism then we have a commutative diagram:
Hom(P,X) −−−−→ Hom(L,X) −−−−→ Defβ(X) −−−−→ 0
y
y
y
Hom(P, Y ) −−−−→ Hom(L, Y ) −−−−→ Defβ(Y ) −−−−→ 0.
Here are some examples:
Example 2. Let β : L→ P be a homomorphism in C.
(1) If C is abelian, P is projective and β a monomorphism, then Defβ(−) is
canonically equivalent to Ext1(P/β(L),−).
(2) If P = 0, then Defβ(−) is canonically equivalent to Hom(L,−).
(3) If β is an epimorphism and υ : K → L is the kernel of β then Defβ(−)
represents the covariant defect functor associated to the exact sequence
0→ K
υ
→ L
β
→ P → 0, [23].
(4) If R is a unital ring, C = Mod-R, and L and P are finitely generated and
projective then Defβ(R) represents the transpose of P/β(L).
In the following we will prove some general properties of defect functors. Since
in the category of all abelian groups the direct products are exact, it is easy to see
that Defβ commutes with respect to direct products. Moreover, in many situations
the study of these functors can be reduced to the study of defect functors associated
to monomorphisms or to epimorphisms.
Theorem 3. Let β : L → P be a homomorphism in the abelian category C. If
iK : K → L is the kernel of β, πK : L → L/K is the canonical epimorphism, and
β : L/K → P is the homomorphism induced by β then there exists a canonical
exact sequence of functors and natural transformations
0→ Defβ → Defβ → DefpiK → 0.
Proof. Starting with the exact sequence
0→ K
ιK→ L
β
→ P →M → 0,
where M is the cokernel of β, we obtain the short exact sequences
0→ K
ιK→ L
piK→ L/K → 0
and
0→ L/K
βK→ L→M → 0.
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Passing to the Hom covariant functors induced by the objects involved in the
previous exact sequences we obtain, using the Ker-Coker Lemma, the following
commutative diagram of functors and natural transformations:
0

0

0 // (M,−) // (P,−)
β
∗
// (L/K,−) //

Defβ(−)
//

0
0 // (M,−) // (P,−)
β∗
// (L,−) //

Defβ(−) //

0
DefpiK

DefpiK

0 0 ,
hence the statement of the theorem is proved. 
Proposition 4. If β : L → P is a homomorphism in C, the following statements
are true:
(1) If P is projective and M = Coker(β) then every exact sequence
0→ X → Y → Z → 0
induces an exact sequence
0→ (M,X)→ (M,Y )→ (M,Z)→ Defβ(X)→ Defβ(Y )→ Defβ(Z).
(2) If L is projective then Defβ preserves the epimorphisms.
(3) If L and P are projective then Defβ is a right exact functor.
Proof. Let 0 → X → Y → Z → 0 be an exact sequence. Applying the Hom-
functors we obtain the following commutative diagram
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0

0

0

0 // (M,X)

// (M,Y )

// (M,Z)

0 // (P,X)

// (P, Y )

// (P,Z)

0 // (L,X)

// (L, Y )

// (L,Z)

Defβ(X)

// Defβ(Y )

// Defβ(Z)

0 0 0 ,
and the statements are obvious. 
Remark 5. Recently the defect functor associated to a homomorphism between
projective object was involved in the study of silting modules, [5]: a homomorphism
β : L → P with L and P projective objects is a silting module if Gen(P/β(L)) =
Ker(Defβ).
3. The defect functor and direct limits
Throughout the section we suppose that L
β
→ P
α
→M → 0 is an exact sequence
in C, F = (Mi, vij)i,j∈I is a direct system of objects in C, and vi : Mi → lim−→Mi are
the canonical homomorphisms. Furthermore, we denote by
ΦβF : lim−→Defβ(Mi)→ Defβ(lim−→Mi)
the natural homomorphisms induced by the families Defβ(vij), i, j ∈ I, and Defβ(vi),
i ∈ I. Following the general definition considered in Section 1, we say that Defβ(−)
commutes with respect to F if Φβ
F
is an isomorphism. The functor Defβ(−) com-
mutes with respect to direct limits (direct unions, resp. direct sums) if the ho-
momorphisms Φβ
F
are isomorphisms for all directed systems F (such that all vi are
monomorphisms, resp. all direct sums).
We have the following useful commutative diagram
(D1)
0 // lim−→(M,Mi)
//
ΨMF

lim−→(P,Mi)
//
ΨPF

lim−→(L,Mi)
ΨLF

lim
−→
ξi
// lim−→Defβ(Mi)
//
Φβ
F

0
0 // (M, lim−→Mi)
// (P, lim−→Mi)
β∗
// (L, lim−→Mi)
ξ
// Defβ(lim−→Mi)
// 0
whose rows are exact, where the natural homomorphisms ΨXF are defined in Section
1.
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Using this diagram we have the following simple consequences:
Corollary 6. (1) If L is finitely presented and β : L → P is a homomor-
phism, then for every direct family F the canonical homomorphism Φβ
F
is
an epimorphism.
(2) If L is finitely generated and β : L→ P is a homomorphism, then for every
direct family of monomorphisms F the canonical homomorphism Φβ
F
is an
epimorphism.
Example 7. There exists a homomorphism β : L → P and a direct family F (of
monomorphisms) such that L is finitely presented (generated) and the canonical
homomorphism Φβ
F
is not an isomorphism.
Proof. Let C be the category of all abelian groups. If p is a prime number we denote
by Zp = {
m
pk
| m ∈ Z, k ∈ N} ≤ Q. If β : Z → Zp is the canonical inclusion in the
category of all abelian groups then for every torsion-free abelian group A we have
a natural isomorphism
Defβ(A) ∼= A/Dp(A),
where Dp(A) is the maximal p-divisible subgroup of A.
We can write the abelian group Q as a union of a chain of cyclic subgroups
Fn =
1
n!Z, n ∈ N
∗, where the connecting homomorphisms um,n : Fm → Fn, m < n,
are the inclusion maps. Since Hom(Zp, Fn) = 0 for all n > 0, it follows that we
can identify Defβ(Fn) = Fn and Defβ(um,n) = um,n for all m,n ∈ N∗. Then
lim−→Defβ(Fn) = Q. But Defβ(lim−→Fn) = Defβ(Q) = 0, hence Φ
β
F
: Q → 0 is not a
monomorphism. 
We will use the following lemma:
Lemma 8. An object M is finitely generated if and only if there exists an exact
sequence 0→ L→ P →M → 0 with P a finitely presented object.
Consequently, if M is finitely generated then for every direct system F the natural
homomorphism ΨMF is a monomorphism. Moreover, M is finitely presented if and
only if L is finitely generated.
Proof. The first part is proved in [1, Proposition 1.69], while for the other state-
ments we can apply Ker-Coker Lemma on diagram (D1). 
Applying the above definitions to the diagram (D1), it is not hard approach
that case when Hom(P,−) commutes with respect to direct sums, direct unions,
respectively direct limits. We recall that P is called small if Hom(P,−) commutes
with respect to direct sums.
Proposition 9. Let β : L→ P be a homomorphism.
(1) Suppose that P is a small object. The functor Defβ commutes with respect
to direct sums if and only if L is a small object.
(2) Suppose that P is a finitely generated object. The functor Defβ commutes
with respect to direct unions if and only if L is finitely generated.
(3) Suppose that P is a finitely presented object. Then Defβ commutes with
respect to direct limits if and only if L is finitely presented.
Proof. (1) Let F = (Mi)i∈I be a family of objects in C. We construct a diagram
(D1) induced by the direct sum of F. Since the class of small objects is closed with
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respect to epimorphic images, ΨMF and Ψ
P
F are isomorphisms. Therefore Φ
β
F
is an
isomorphism if and only if ΨLF is an isomorphism. The conclusion is now obvious.
(2) The proof follows the same steps as for (1), using this time a direct system
F = (Mi, νij)i,j∈I such that all νij are monomorphisms, and the fact that the class
of finitely generated objects is closed with respect to epimorphic images.
(3) Suppose that Defβ commutes with respect to direct limits. By what we just
proved L is finitely generated, hence M is finitely presented. Therefore, for every
direct system F = (Mi, νij)i,j∈I the homomorphisms Ψ
M
F and Ψ
P
F are isomorphisms.
Therefore ΨLF is an isomorphism, hence L is finitely presented.
Conversely, the objects L, M , and P are finitely presented, hence the first three
vertical maps in diagram (D1) are isomorphisms. Then Φβ
F
is also an isomorphism.

Using the statement (2) in the above proposition we can reformulate the charac-
terization presented in [14, Lemma 1] for the case of direct unions. Since the proof
is verbatim to Crawley-Boevey’s proof, it is omitted.
Theorem 10. A functor F : C → Ab commutes with respect direct products and
direct unions if and only if it is naturally isomorphic to a defect functor Defβ
associated to a homomorphism β : L→ P with L and P finitely generated.
Using the same techniques as in [10], it is not hard to see that when L and P
are projective the three commuting properties considered in the Proposition 9 are
equivalent.
Proposition 11. Let β : L → P be a homomorphism between projective right
R-modules. Then the following are equivalent:
(1) Defβ commutes with respect to direct limits;
(2) Defβ commutes with respect to direct unions;
(3) Defβ commutes with respect to direct sums;
(4) Defβ commutes with respect to direct sums of copies of R;
Under these conditions Defβ(R) is a finitely presented left R-module.
Proof. (4)⇒(1) From Proposition 4 and from the proof of Watts’s theorem [34,
Theorem 1], we obtain that Defβ(−) is naturally isomorphic to − ⊗R Defβ(R).
Therefore it preserves direct limits.
Moreover, if these equivalent conditions are satisfied the functor −⊗R Defβ(R)
preserves direct products. This is true exactly if the left R-module Defβ(R) is
finitely presented. 
It is well known that if G : C → Ab is an additive functor then for every family
F = (Mi)i∈I then natural homomorphism ⊕i∈IG(Mi)→ G(⊕i∈IMi) is a monomor-
phism. Therefore in the above proposition it is enough to verify if the natural
homomorphisms Φβ
F
are epimorphisms.
In the following we will study the case when the natural homomorphisms Φβ
F
are
epimorphisms.
Lemma 12. Let β : L → P be a homomorphism, F = (Mi, vij)i,j∈I a direct
system, and let f : L → lim−→Mi be a homomorphism. Using the same notations as
in diagram (D1), the following are equivalent:
(1) ξ(f) ∈ Im(ΦβF);
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(2) there exists k ∈ I, h : L→Mk and g : P → lim−→Mi such that f = gβ+ vkh.
Proof. The homomorphisms from (2) can be represented in the following diagram
L
β
//
h
{{①
①
①
①
①
f

P
g
||③
③
③
③
③
Mk vk
// lim−→Mi .
(1)⇒ (2) If we look at the commutative diagram (D1), we observe that ξ(f) ∈
Im(Φβ
F
) if and only if there is an element x ∈ lim−→HomC(L,Mi) such that ξ(f) =
Φβ
F
(lim−→ξi)(x) = ξΨ
L
F(x). Then f − Ψ
L
F(x) = β
∗(g) = gβ for some element g ∈
HomC(P, lim−→Mi).
Since x ∈ lim−→HomC(L,Mi), there exist k ∈ I and h ∈ HomC(L,Mk) such that
x = vk(h) ∈ Imvk, where vk : Hom(L,Mk) → lim−→HomC(L,Mi) is the structural
homomorphism associated to the direct limit. Since Ψβ
F
vk = HomC(L, vk), it follows
that Ψβ
F
(x) = HomC(L, vk)(h) = vkh. Thus f = gβ + vkh.
(2)⇒(1) If f = gβ + vkh then f − vkh ∈ Im(β∗), hence
ξ(f) = f + Im(β∗) = vih+ Im(β
∗) = ξΨLF(vk(h)) = ΦF(lim−→ξi)(vk(h)),
and the proof is complete. 
In the followingFP will be the ideal in C of those homomorphisms which factorize
through a finitely presented object, i.e. FP represents the collection of subgroups
FP(A,B) ≤ HomC(A,B), A,B ∈ C, of those homomorphisms A → B which
factorize through a finitely presented object. Then C/FP will denote the quotient
category which has as objects the same objects as C and
HomC/FP(A,B) = HomC(A,B)/FP(A,B).
In the following assertion, if f : A→ B and h : A→ C are homomorphisms, we
will denote by (f, h)t : A→ B⊕C the canonical homomorphism induced by f and
h.
Theorem 13. Let β : L→ P be a homomorphism. The following are equivalent:
(1) for every direct system F the map Φβ
F
is an epimorphism;
(2) there exists g : P → L such that 1L − gβ factorizes through a finitely
presented object;
(3) the induced homomorphism β in C/FP is a section;
(4) there exists a homomorphism h : L→ F such that F is a finitely presented
object and the induced map (f, h)t : L → P ⊕ F is a splitting monomor-
phism.
Proof. (1)⇒(2) We can write L as a direct limit of finitely presented objects, L =
lim−→Li. Then an application of Lemma 12 for f = 1L gives us the conclusion.
(2)⇒(1) Since 1L−gβ factorizes through a finitely presented object, there exists
a finitely presented object F and two homomorphisms h1 : L → F , h2 : F → L
such that 1− gβ = h2h1.
Since F is finitely presented, for every direct limit lim−→Mi and every homomor-
phism f : L → lim−→Mi we can find an index i and a homomorphism fi : F → Mi
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such that fh2 = vifi. It follows that f(1 − gβ) = fh2h1 = vifih1. Then there
exists g′ = fg : P → lim−→Mi and h = fih1 : L → Mi such that f = g
′β + vih, and
we apply Lemma 12 to complete the proof.
(2)⇔(3) This is obvious.
(2)⇒(4) Let g be as in (2) and h = 1L − gβ. There exists a finitely presented
object F and two maps h1 : L → F , h2 : F → L such that h = h2h1. Then the
map (β, h1)
t : L → P ⊕ F induced by β and h1 is a splitting monomorphism, and
a left inverse is the homomorphism (g, h2) : P ⊕ F → L induced by g and h2.
(4)⇒(2) Let g′ : P ⊕F → L be a left inverse for (β, h)t. Then 1L = g|Pβ+ g|Fh,
hence 1L − g|Pβ factorizes through a finitely presented object. 
4. Commuting with direct unions
Recall from [1, Proposition 1.62] that in our hypotheses the structural maps
vi :Mi → lim−→Mi of a direct union are monomorphisms.
Since the class of finitely generated objects is closed with respect to epimor-
phic images, we will prove that Theorem 13 can be improved to characterize the
commuting of Defβ with respect to direct unions.
Theorem 14. Let β : L→ P be a homomorphism. The following are equivalent:
(1) for every direct system F of monomorphisms the induced homomorphism
Φβ
F
is an epimorphism;
(2) there exists g : P → L such that 1L − gβ factorizes through a finitely
generated object;
(3) if FG is the ideal of all homomorphisms which factorize through a finitely
generated object then the induced homomorphism β in C/FG is a retract;
(4) there exists a homomorphism h : L → M such that h factorizes through
a finitely generated object and the induced map (β, h)t : L → P ⊕M is a
splitting monomorphism.
(5) there exists a homomorphism h : L→ F such that F is a finitely generated
object and the induced map (f, h)t : L → P ⊕ F is a splitting monomor-
phism,
(6) there exists a finitely generated subobject H ≤ L such that the induced
homomorphism β : L/H → P/β(H) is a split mono and there exists a left
inverse for β which can be lifted to a homomorphism P → L.
Proof. It is enough to prove the equivalence (2)⇔(6) since for the other equivalences
we can repeat the arguments of the proof of Theorem 13, using the fact that L can
be written as a direct union of its finitely generated subobjects.
(2)⇒(6) By (2) we know that there exists a homomorphism g : P → L such
that 1L − gβ factorizes through a finitely generated object. Therefore there exists
a subobject H ≤ L such that Im(1L − gβ) ⊆ H . If h : H → L is the embedding of
H in L then there exists a homomorphism γ : L→ H such that 1L − gβ = hγ.
Since h = gβh+ hγh, we have Im(gβh) ≤ Im(h), hence gβ(H) ≤ H . Therefore
there are canonical homomorphisms β : L/H → P/β(H) and g : P/β(H) → K/H
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which are induced by β, respectively g, and the diagram
L
β
−−−−→ P
g
−−−−→ L
piH
y piβ(H)
y piH
y
L/H
β
−−−−→ P/β(H)
g
−−−−→ L/H
is commutative, where the vertical arrows are the canonical epimorphisms.
Moreover, πHh = 0, hence gβπH = πHgβ = πH(1L − hγ) = πH . Since πH is an
epimorphism we have yβ = 1K/Kk , hence β is a splitting monomorphism.
(6)⇒(2) Let g : P → L be a homomorphism such that g(β(H)) ⊆ H and the
induced homomorphism g : P/β(H)→ L/H satisfies the equality gβ = 1L/H . Then
Im(1L − gβ) ⊆ H , and the proof is complete. 
If P is projective the lifting condition stated in (6) is always satisfied. This is
not the case if P is not projective.
Example 15. Let C be the category of all abelian groups, and let Zp be the
subgroup of Q defined in Example 7.
If β : Zp → Q is the inclusion map then the induced homomorphism β : Zp/Z→
Q/Z is split mono. But Hom(Q,Zp) = 0, so the left inverse of β (in this case this
left inverse is unique) cannot be lifted to a homomorphism Q→ Zp.
We obtain the following interesting characterization of pure-projective objects.
Let us recall that an exact sequence 0 → A → B → C → 0 is pure (and B → C
is a pure epimorphism) if all finitely presented objects are projective with respect
to it, and an object is projective if and only if it is projective with respect to
all pure exact sequences. It is not hard to see that an object is pure-projective
iff it is a direct summand of a direct sum of finitely presented objects. As in the
standard homological algebra we can define the functor Pext1(M,−) as Defβ , where
β : P →M is a pure epimorphism such that P is pure-projective. Remark that M
is pure-projective iff Pext1(M,−) = 0. For more details we refer to [22, Appendix
A].
Proposition 16. The following are equivalent for an object M ∈ C:
(1) The functor Pext1(M,−) commutes with respect to direct limits;
(2) Pext1(M,−) commutes with respect to direct unions;
(3) M is pure projective.
Proof. It is enough to prove that (2)⇒(3).
Let M be an object such that Pext1(M,−) commutes with respect to direct
unions. Since M is a direct limit of finitely presented objects, there exists a pure
exact sequence
0→ L
β
→ ⊕i∈IPi →M → 0
such that all Pi are finitely presented objects. Hence Pext
1(M,−) = Defβ , and we
apply Theorem 14. Therefore there exists a finitely generated subobject K ≤ L
such that the induced homomorphism β : L/K → ⊕i∈IPi/β(K) is a splitting
monomorphism. But Coker(β) ∼= M , hence M is isomorphic to a direct summand
of ⊕i∈IPi/β(K). Since β(K) is finitely generated we can view β(K) as a subobject
of a subsum ⊕i∈JPi/β(K), were J is a finite subset of I. Since ⊕i∈JPi is finitely
presented, it follows that ⊕i∈JPi/β(K) is also finitely presented, hence M is a
12 SIMION BREAZ AND JAN ZˇEMLICˇKA
direct summand of a direct sum of finitely presented objects. Then M is pure-
projective. 
The next observation allows us to prove that, in order to study the commuting
properties with respect to direct unions, it is enough to restrict to defect functors
associated to the homomorphisms which appear in the canonical decomposition of
β.
Proposition 17. Let β : L→ P be an epimorphism. Then for every direct system
F = (Mi, vij)i,j∈I of monomorphisms, the canonical map Φ
β
F
is a monomorphism.
Proof. Let x ∈ Ker(Φβ
F
). Then there exists y ∈ lim−→Hom(L,Mi) such that x =
lim−→ξi(y) and Ψ
L
F(y) factorizes through β. There exists i ∈ I and αi : L → Mi
such that y = vi(αi), where vi denotes the canonical map vi : Hom(L,Mi) →
lim−→Hom(L,Mi). Then Ψ
β
F
vi(αi) = viαi factorizes through β. Let γ : P → lim−→Mi
be a homomorphism such that viαi = γβ.
Let K = Ker(β) and ιK : K → L be the canonical homomorphism. Then
viαiιK = γβιK = 0. Since the structural homomorphisms vi are monomorphisms
we obtain αiιK = 0, hence αi factorizes through β. Then x = 0, and the proof is
complete. 
Corollary 18. Let β : L→ P be an epimorphism. The following are equivalent:
(1) the functor Defβ commutes with respect to direct unions;
(2) for every direct family F of monomorphisms the induced homomorphism Φβ
F
is an epimorphism;
Using Theorem 3 and Proposition 17 we have the following result:
Theorem 19. Suppose that β : L→ P is a homomorphism in the abelian category
C, iK : K → L is the kernel of β, πK : L → L/K is the canonical epimorphism,
and β : L/K → P is the homomorphism induced by β. Then Φβ
F
is an isomorphism
(epimorphism) for a direct family of monomorphisms F if and only if Φβ
F
and ΦpiK
F
are isomorphisms (epimorphisms).
Proof. In order to prove the equivalence, let us remark, using the fact that direct
limits are exact in C, that for every direct family F we have a commutative diagram
0 // lim−→Defβ(Mi)
ΦF
β

// lim−→Defβ(Mi)
ΦF
β

// lim−→DefpiK (Mi)
ΦFpiK

// 0
0 // Defβ(lim−→Mi)
// Defβ(lim−→Mi)
// DefpiK (lim−→Mi)
// 0,
and ΦFpiK is monic by Proposition 17. Now the equivalence stated in this corollary
is obvious. 
The condition ΦpiK
F
is an epimorphism can be replaced by a factorization condi-
tion:
Lemma 20. Let β : L → P be a homomorphism and F = (Mi, vij)i,j∈I a direct
system. Consider the following statements:
(1) ΦβF is an epimorphism;
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(2) (a) if ιK : K → L is the kernel of β, then for every homomorphism f :
L→ lim−→Mi there exists i ∈ I and h : L → Mi such that fιK = vihιK
(i.e. the restriction of f to factorizes through the canonical map vi),
(b) if β : L/K → P is induced by β then Φβ
F
is an epimorphism.
Then (2)⇒ (1). If all vi are monomorphisms we have (1)⇔ (2).
Proof. (2) ⇒ (1). Let f : L → lim−→Mi be a homomorphism. Using (a) we can find
i ∈ I and h : L → Mi such that fιK = vihιK . Then (f − vih)ιK = 0, hence there
exists δ : L/K → lim−→Mi such that δπ = f − vih.
Using (b) and Lemma 12, we can find j ∈ I, g : P → lim−→Mi and γ : L/K →Mj
such that δ = gβ + vjγ. We can suppose i = j. Then f − vih = gβπ + viγπ, hence
f = gβ + vi(γπ + h). Another application of Lemma 12 completes the proof.
(1)⇒ (2) Let f : L→ lim−→Mi be a homomorphism. Using Lemma 12 there exist
h : L→Mi and g : P → lim−→Mi are homomorphisms such that f = gβ + vih. Then
fιK = vihιK , hence (a) is valid.
The condition (b) follows from Corollary 19. 
Remark 21. In fact the condition (b) in the above lemma can be proved directly.
In order to do this, let us consider a homomorphism f : L/K → lim−→Mi. If π : L→
L/K is the canonical projection then we can find i ∈ I and two homomorphisms
h : L → Mi, g : P → lim−→Mi such that f = gβ + vih. Then vih(K) = 0. Since vi
is a monomorphism, we have h(K) = 0. It follows that there exists h : L/K →Mi
such that h = hπ. Then (gβ + vih)π = fπ, hence gβ + vih = f , and the proof is
complete.
In fact the case when Φβ
F
is an epimorphism for all direct systems of monomor-
phisms can be characterized in the following way:
Theorem 22. Let β : L→ P be a homomorphism in C. The following are equiva-
lent:
(1) for every direct system F = (Mi, vij)i,j∈I of monomorphisms Φ
β
F
is an
epimorphism;
(2) (a) if ιK : K → L is the kernel of β, then K can be embedded in a finitely
generated subobject H ≤ L, and
(b) if β : L/K → P is induced by β then Φβ
F
is an epimorphism for all
direct systems of monomorphisms F = (Mi, vij)i,j∈I .
Proof. (1)⇒(2) We apply Lemma 20 to obtain (b). For (a), we apply Theorem 14
to find a homomorphism g : P → L such that Im(1L − gβ) can be embedded in a
finitely generated subobject H of L. Then K can be also embedded in H .
(2)⇒(1) It is enough to prove that for every direct system of monomorphisms and
for every f : L→ lim−→Mi there exists i ∈ I and h : L→Mi such that fιK = vihιK .
Let f : L → lim−→Mi be a homomorphism. By (a) there exists a factorization
ιK = ιHιKH . Since H is finitely generated there exists an index i ∈ I such that
iHf factorized through vi. Therefore there exists h : L→Mi such that fιH = vih,
hence fιk = vihιK . 
In the end of this section we come back to the general case, in order to char-
acterize the functor Defβ associated to a monomorphism β : L → P for the
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case when we can find a subobject H ≤ L such that the induced homomorphism
β : L/H → P/β(H) is split mono.
Proposition 23. Let β : L → P be a monomorphism and H a subobject of L.
If β : L/H → P/β(H) is the homomorphism induced by β then we have an exact
sequence of functors
(P/β(H),−)
β
∗
→ (L/H,−)→ Defβ → Defιβ(H) → DefιH → 0,
and the following are equivalent:
(1) the induced homomorphism β : L/H → P/β(H) is splitting monomor-
phism;
(2) the induced sequence of functors
0→ Defβ → Defιβ(H) → DefιH → 0
is exact.
Proof. We have a commutative diagram
0

0

0 // H
ιH

β′
// β(H)
ιβ(H)

// 0
0 // L
β
//
piH

P //
piβ(H)

M // 0
0 // L/H
β
//

P/β(H) //

M // 0
0 0
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with exact sequences, which induces a the solid part of the following commutative
diagram of functors and natural transformations
0

0

0 // (M,−) // (P/β(H),−)
pi∗β(H)

β
∗
// (L/H,−) //❴❴❴
pi∗H

Defβ(−)
0 // (M,−) // (P,−)
ι∗β(H)

β∗
// (L,−)
ξβ
//
ι∗H

Defβ(−) //
0

0
0 // (β(H),−)
β′∗
//
ξuβ(H)

(H,−)
ξuH

// 0
Defιβ(H)(−)
//

DefιH (−)

// 0
0 0
in which all lines and columns are exact sequences. Applying the snake lemma we
obtain the natural transformation (L/H,−) 99K Defβ(−) such that the sequence
(P/β(H),−)
β
∗
→ (L/H,−) 99K Defβ → Defιβ(H) → Def ιH → 0
is exact.
Now the equivalence (1)⇔(2) is obvious since β is split mono iff the natural
homomorphisms HomC(β,X) are epimorphisms for all X ∈ C.

5. Commuting with direct sums
Let F = (Mi)i∈I is a family of objects in C and νi : Mi →
⊕
iMi are the
canonical monomorphisms. Recall that
Φβ
F
:
⊕
i
Defβ(Mi)→ Defβ(
⊕
i
Mi)
denotes the natural homomorphisms induced by the family Defβ(νi), i ∈ I. It
is easy to see that ΦMF is a monomorphism, since (Ψ
M
F )
−1(Im(Hom(β,
⊕
iMi) =⊕
i Im(Hom(β,Mi)). Moreover, Defβ commutes with respect to finite direct sums
(it is additive).
For every family of objects (Mi, i ∈ I) and for J ⊂ I denote by πJ the canonical
projection
⊕
i∈I Mi →
⊕
i∈J Mi.
Theorem 24. If β : L→ P is a homomorphism and (Mi, i ∈ I) a family of objects,
the following are equivalent:
(1) Defβ commutes with respect to direct sum of (Mi, i ∈ I).
(2) For every homomorphism f : L →
⊕
i∈I Mi there exists a finite subset
F ⊂ I, and g : P →
⊕
i∈I\F Mi such that πI\F f = gβ.
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Proof. Since
⊕
i∈I Mi is an inverse limit of the system (MF , F ∈ I
<ω) with canon-
ical inclusions, Φβ
F
is a monomorphism. Now it remains to apply Lemma 12. 
If I is a set, X ⊆ I, and Mi, i ∈ I, is a family of objects, we denote by
ΠIX : Defβ(
⊕
i∈I
Mi)→ Defβ(
⊕
i∈X
Mi)
the canonical epimorphism which is induced by the canonical map
⊕
i∈I Mi →⊕
i∈X Mi. Note that Π
I
X is a splitting epimorphism of abelian groups.
Using a standard set-theoretical argument under assumption (V = L) we prove
that commuting of the functor Defβ with countable direct sums is equivalent to
commuting with arbitrary direct sums. First, we make an easy observation:
Lemma 25. Let Mi, i ∈ I, be a family of objects. Then Defβ commutes with⊕
i∈I Mi if and only if for every ǫ ∈ Defβ(
⊕
i∈I Mi) there is a finite subset F ⊆ I
such that ΠII\F (ǫ) = 0.
A cardinal λ = |I| is ω-measurable if it is uncountable and there exists a
countably-additive, non-trivial, {0, 1}-valued measure µ on the power set of I such
that µ(I) = 1 and µ({x}) = 0 for all x ∈ I. We recall that if such a cardinal exists
then there exists a smallest ω-measurable cardinal µ and all cardinals λ ≥ µ are
also ω-measurable.
Proposition 26. Let κ be a cardinal less than the first ω-measurable cardinal. If
Defβ commutes with respect to countable direct sums then Defβ commutes with
respect to direct sums of κ objects.
Proof. Let Ki, i ∈ I, be a family of modules such that I is of cardinality κ and
ǫ ∈ Defβ(
⊕
i∈I Ki) is a fixed extension. By Lemma 25 it is enough to prove that
there is a finite subset F ⊆ I such that ΠII\F (ǫ) = 0. Let consider the set
I(I) = {X ⊆ I | there is a finite subset F ⊆ X such that ΠIX\F (ǫ) = 0}.
Suppose that I /∈ I(I). We claim that there exists a subset Y ⊆ I such that
I(Y ) is a non-principal ω1-complete ideal. Let us observe that for every subsets
F ⊆ X ⊆ I we have ΠIX\F = Π
X
X\FΠ
I
X . Furthermore, it is not hard to see that
I(I) contains ∅ and it is closed with respect to subsets and finite unions. In order
to complete the proof of our claim it is remains to prove that if Xn, n ∈ N, is a
countable set of pairwise disjoint subsets of I then there exists n0 ∈ N such that⋃
n≥n0
Xn ∈ I(I).
Let Xn, n ∈ N, be a family of pairwise disjoint subsets of I, and X =
⋃
n∈NXn.
Since Defβ commutes with respect to countable direct sums, the canonical homo-
morphism
⊕
n∈N
Defβ(
⊕
i∈Xn
Ki)→ Defβ(
⊕
n∈N
(
⊕
i∈Xn
Ki)) = Defβ(
⊕
i∈X
Ki)
is an isomorphism. Therefore there is a positive integer n0 such that
ΠI⋃
n≥n0
Xn
(ǫ) = ΠX⋃
n≥n0
Xn
(ΠIX(ǫ)) = 0,
hence
⋃
n≥n0
Xn ∈ I(I).
Now we claim that there exists Y /∈ I(I) such that for every subset Z ⊂ Y with
Z /∈ I(I) we have Y \ Z ∈ I(I).
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Suppose by contradiction that such a Y does not exists. It follows that for every
Y /∈ I(I) there exists a nonempty subset Z ⊆ Y such that Z, Y \ Z /∈ I(I). Since
∅ 6= I /∈ I(I) we can find a partition I = Z0 ∪ Y1 such that Z0, Y1 /∈ I(I). Now
∅ 6= Y1 /∈ I(I), hence there exists a partition Y1 = Z1 ∪ Y2 such that Z1, Y2 /∈ I(I).
We continue inductively this kind of choice: if Yn is constructed then exists a
partition Yn = Zn ∪ Yn+1 such that Zn, Yn+1 /∈ I(I). Therefore we obtain a
countable sequence of sets Zn /∈ I(I), and it is not hard to see that these sets
are pairwise disjoint. But, by what we proved so far, there exists n0 such that⋃
n≥n0
Zn ∈ I(I), a contradiction.
Then there exists a subset y ⊆ I such that Y /∈ I(I) and for every subset Z ⊂ Y
with Z /∈ I(I) we have Y \ Z ∈ I(I). It is not hard to see that we can define
an ω-additive {0, 1}-valuated map µ on the power-set of I via the rule µ(U) = 1
if U ∩ Y /∈ I(I), and µ(U) = 0 otherwise. It follows that I is ω-measurable, a
contradiction. 
Corollary 27. Assume (V = L). If Defβ(−) commutes with respect to countable
direct sums then Defβ(−) commutes with respect to all direct sums.
It is well-known that Hom(M,−) commutes with respect to countable direct
sums iff it commutes with respect to all direct sums. Furthermore, as a consequence
of the previous result and Example 2 we obtain
Corollary 28. Let (V = L) and M ∈ C. Then Ext1C(M,−) commutes with respect
to countable direct sums if and only if Ext1C(M,−) commutes with respect to all
direct sums.
Remark 29. We don’t know what is happen if we remove the set theoretic assump-
tion (V = L). For the case of abelian groups it can be proved, as in [4, Theorem
5.3] that ifM is an abelian group such that Ext1Ab(M,−) commutes with respect to
countable direct sums then M is an Whitedead group. On the other side, the same
result show us that if Ext1Ab(M,−) commutes with respect to all direct sums then
M is free. The interested reader can find some similar phenomena in [3, Section 2].
The following results characterizes when Defβ commutes with respect to count-
able direct sums. It generalizes a classical characterization of small modules proved
by Rentschler in [29].
Proposition 30. Let β : L→ P be a homomorphism. The functor Defβ commutes
with respect to countable direct sums if and only if for every countable chain of
subobjects
(D) : L0 →֒ L1 →֒ L2 →֒ . . .
such that L is a direct union of (D) there exists n for which the induced map
β′ : L/Ln → P/β(Ln) is a splitting monomorphism.
Proof. (⇒) For each i ∈ N denote by ιi : Li → L the canonical monomorphism
and put Ai = Coker(ιi) ∼= L/Li. Suppose that σ : L →
⊕
iAi is the morphism
defined by direct sum of the canonical epimorphisms ρi : L → Ai, i.e. πiσ = ρi,
where πi :
⊕
iAi → Ai is the canonical projection. By the hypothesis, there
exists a finite subset F ⊆ N and a homomorphism g : P →
⊕
i∈N\F Ai such that
πN\Fσ = gβ. Let n /∈ F . If ρn : L→ An represents the canonical epimorphism, we
obtain ρn = πngβ, hence πngβ(Ln) = 0. Then πng factorizes through the canonical
epimorphism µn : P → P/β(Ln), so πng = g
′µn and g
′ : P/β(Ln)→ An.
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We obtain g′β′ρn = g
′µnβ = πngβ = ρn, hence g
′β′ = 1An , and the proof is
complete.
(⇐) Let σ ∈ Hom(L,
⊕
i<ω Ai) and denote by π≥n the canonical epimorphisms⊕
iAi →
⊕
i≥nAi. Obviously, the family Ln = Coker(π≥nα) with canonical
monomorphisms forms an increasing chain such that L is its direct union.
By the hypothesis there exists n such that β′ : L/Ln → P/β(Ln) has a left
inverse g′ : P/β(Ln)→ L/Ln.
If we put F = {1, . . . , n} and g : P →
⊕
i>nAi, g = g
′µn, where µn : P →
P/β(Ln) is the canonical epimorphism, then we can apply Theorem 24 to obtain
the conclusion. 
We will say that the homomorphism β : L → P is κ-splitting small, where κ
is a cardinal, if for every system of objects (Ai, i < κ) and for every homomor-
phism σ : L →
⊕
i<κAi there exists a finite subset F ⊂ κ such that the cokernel
homomorphism ρ in the pushout diagram
(D2)
L
β
−−−−→ P −−−−→ U −−−−→ 0
piκ\Fσ
y
y
∥∥∥
⊕
i∈κ\F Ai −−−−→ X
ρ
−−−−→ U −−−−→ 0
splits.
Now, we make an elementary observation.
Lemma 31. Consider a commutative diagram with exact rows and columns
(D3)
A0
ν0−−−−→ B0
pi0−−−−→ C −−−−→ 0
α0
y β0
y
∥∥∥
A1
ν1−−−−→ B1
pi1−−−−→ C −−−−→ 0
.
If π0 : B0/Kerβ0 → C → 0 induced by (D3) splits, then π1 splits as well.
Proof. Let β0 : B0/Kerβ0 → B1 the homomorphism induced by β0. Since there
exists ρ : C → B0/Kerβ0 such that idC = π0ρ = π1β0ρ, the homomorphism π1
splits. 
Proposition 32. The homomorphism β is ω-splitting small if and only if for Defβ
commutes with respect to countable direct sums.
Proof. (⇒) We consider a countable chain of subobjects
(D) : L0 →֒ L1 →֒ L2 →֒ . . .
such that L is a direct union of (D).
For each i denote by ιi : Li → L the canonical monomorphism and put Ai =
Coker(ιi) ∼= L/Li. Suppose that σ : L→
⊕
iAi is the morphism defined by direct
sum of the canonical projections. By the hypothesis, there exists a finite subset F
such that the homomorphism ρ in the pushout diagram (D2) splits. Let n /∈ F .
Clearly, the homomorphism ρ in the pushout diagram
(D4)
⊕
i∈κ\F Ai −−−−→ X
ρ
−−−−→ U −−−−→ 0
y
y
∥∥∥
An −−−−→ Y
ρ
−−−−→ U −−−−→ 0
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splits. Since πn is an epimorphism and the composition of the pushout diagrams
(D2) and (D4) is so, the diagram
L
β
−−−−→ P −−−−→ U −−−−→ 0
pin
y τ
y
∥∥∥
An −−−−→ Y
ρ
−−−−→ U −−−−→ 0
commutes and τ is an epimorphism. As ρ splits, it remains to observe that Kerτ =
β(Ln).
(⇐) Let σ ∈ Hom(L,
⊕
i<ω Ai) and denote by π≥n the canonical epimorphisms⊕
iAi →
⊕
i≥nAi. Obviously, the family Ln = Coker(π≥nα) with canonical
monomorphisms forms an increasing chain such that L is its direct union.
By the hypothesis there exists n such that β(L)/β(Ln) is a direct summand of
P/β(Ln), hence it remains to put F = {1, . . . , n} and to apply Lemma 31 on the
pushout diagram (D2). 
Now we will apply the above results in order to see when Ext1C(M,−) commutes
with respect to direct sums.
Lemma 33. Let κ be a cardinal, and consider an exact sequence L
β
→ P →M → 0.
Then β is κ-splitting small if and only if Defβ commutes with respect to direct sums
of κ objects.
Proof. (⇒) Let Ai, i ≤ κ be a family of objects. If σ ∈ HomC(L,
⊕
i<κAi) then
we consider the pushout diagram
(D5)
L
β
−−−−→ P
α
−−−−→ M −−−−→ 0
σ
y ρ
y
∥∥∥
⊕
i<κAi
ν
−−−−→ X
pi
−−−−→ M −−−−→ 0.
As β is κ-splitting small, there exists a finite set F ⊂ κ such that the second row
of the pushout diagram
(D6)
L
β
−−−−→ P
α
−−−−→ M −−−−→ 0
piκ\F σ
y
y
∥∥∥
⊕
i∈κ\F Ai −−−−→ Y −−−−→ M −−−−→ 0
.
splits. Thus Πκκ\F (E) = 0. Now the assertion follows from Lemma 25.
(⇐) Fix σ : L→
⊕
i<κ Ai. Then there exist an object X and homomorphisms ρ
and ν such that (D5) forms a pushout diagram. Since Defβ commutes with respect
to the direct sums of family (Ai, i < κ), Lemma 25 imply that there exists a finite
subset F ⊂ κ such that the second row of the pushout diagram
0 −−−−→
⊕
i<κAi
ν
−−−−→ X
pi
−−−−→ M −−−−→ 0
piκ\F
y
y
∥∥∥
0 −−−−→
⊕
i∈κ\F Ai −−−−→ Y −−−−→ M −−−−→ 0
splits. Thus we get pushout diagram (D6) where the second row splits, so β is
κ-splitting small. 
20 SIMION BREAZ AND JAN ZˇEMLICˇKA
Theorem 34. Let κ be a cardinal less than the first ω-measurable cardinal. The
following are equivalent for a homomorphism 0→ L
β
→ P in C:
(1) The functor Defβ commutes with respect to direct sums of κ objects,
(2) β is κ-splitting small,
(3) β is ω-splitting small.
Proof. (1) ⇔ (2) is the assertion of Lemma 33, (2) ⇒ (3) is trivial and (3) ⇒ (1)
follows from Proposition 26 and Lemma 33. 
We can apply the last assertion to see when an Ext1-covariant functor preserves
direct sums.
Corollary 35. Suppose that C has projective strong generator which is a direct sum
of finitely presented objects. Let κ be a cardinal less than the first ω-measurable
cardinal. The following are equivalent for a projective presentation 0→ L
β
→ P →
M → 0 of M ∈ C:
(1) The functor Ext1C(M,−) commutes with respect to direct sums of κ objects,
(2) β is κ-splitting small,
(3) β is ω-splitting small.
Corollary 36. Let (V = L), and suppose that C has projective strong generator
which is a direct sum of finitely presented objects. If M ∈ C then Ext1(M,−)
commutes with respect to all direct sums if and only if there exists a projective
presentation 0→ L
β
→ P →M → 0 for M such that β is ω-splitting small.
In these conditions for all projective presentations 0 → L′
β′
→ P ′ → M → 0 and
for all cardinals κ the homomorphism β′ is κ-splitting small.
We close this section with an application of Proposition 9 to the study of the
covariant Ext1-functor.
Lemma 37. Let 0 → L → P → M → 0 be an exact sequence such that P is
projective. If L and M are small objects, then M and P are finitely generated and
Ext1(M,−) commutes with direct sums.
Proof. Since the class of small objects is closed with respect to extensions, P is
small, hence finitely generated. Note that a direct sum
⊕
i<κAi is precisely direct
union of the diagram F = (
⊕
i∈F Ai, νFG| F ⊆ G ∈ κ
<ω) where νFG are the
canonical inclusions
⊕
i∈F Ai →
⊕
i∈GAi. As all homomorphisms ΨF from the
diagram (D1) are isomorphisms, ΦMF is isomorphism as well. 
Applying Proposition 9(1) we obtain the following
Corollary 38. Suppose that C has projective strong generator which is a direct
sum of finitely presented objects. Let M be a finitely generated object, and let
0 → L
β
→ P → M → 0 be a projective presentation for M such that P is finitely
generated. Then Ext1C(M,−) commutes with respect to direct sums if and only if
for L is small.
6. The covariant Ext1-functor and direct unions
In this section C will be an abelian category with a projective strong generator
which is a direct sum of finitely presented objects.
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Let us fix an object M in C. We will apply the previous results to study the
commuting properties for the covariant functor Ext1C(M,−). In order to do this,
we fix a projective presentation
0→ L
β
→ P →M → 0,
and we can apply the previous results for the functor Defβ .
In order to simplify our presentation we will say, as in [10], that the object M is
an fg-Ω1-object (respectively fp-Ω1-object) if there is a projective resolution
(P) : · · · → P2 → P1
α1→ P0 →M → 0
such that Ω1(P) = Im(α1) is finitely generated (respectively, finitely presented),
i.e. there is a projective resolution for M such that the first syzygy associated to
this resolution is finitely generated (finitely presented). The object M is an FPn-
object if it has a projective resolution such that Pi are finitely presented for all
i ∈ {0, . . . , n}.
It is proved in [19, Lemma 3.1.6] that if M is an FP2 object then Ext
1
C(M,−)
commutes with respect to direct limits. Using Proposition 9 and Example 2(1) for
the kernel of a projective presentation P → M → 0, it is easy to see that for the
finitely generated objects this hypothesis is sharp. We recall that in our hypothesis
every finitely generated projective object is finitely presented.
Corollary 39. Let M be a finitely generated object.
(1) Ext1C(M,−) commutes with respect to direct unions if and only if M is
finitely presented.
(2) Ext1C(M,−) commutes with respect to direct limits if and only if M is an
FP2-object.
Inductively, using the dimension shifting formula we obtain a version, of [12,
Theorem 2] and [32, Theorem A]:
Corollary 40. The following are equivalent for an object M :
(1) M has a projective resolution
(P) : Pn → · · · → P2 → P1
α1→ P0 →M → 0
such that Pi are finitely presented for all 0 ≤ i ≤ n;
(2) The functors ExtiC(M,−) commute with respect to direct unions for all 0 ≤
i ≤ n.
Remark 41. Corollary 39 can be reformulated in the following way: the func-
tor HomC(M,−) commutes with respect to direct limits if and only if the functors
HomC(M,−) and Ext
1
C(M,−) commute with respect to direct unions. The proof
presented here uses the existence of the strong generator U which is a direct sum
of finitely presented projective objects. It is an open question if this result is valid
in more general settings, e.g. for general Grothendieck categories without enough
projectives. For instance this equivalence is valid for the category of all Abelian
p-groups (p is a fixed prime), which is a Grothendieck category without non-trivial
projective objects, as a consequence of [31, Theorem 5.4].
In order to prove the main result of this section, we say that a covariant functor
F : C → Ab is isomorphic to a direct summand of a functor G : C → Ab if we can
find two natural transformations ρ : F → G and π : G→ F such that πρ = 1F .
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Lemma 42. Let F,G : C → Ab be additive covariant functors such that F is
isomorphic to a direct summand of G. If F = (Mi)i∈I is a direct family such that
the canonical homomorphism ΦG : lim−→G(Mi)→ G(lim−→Mi) is monic (epic) then the
canonical homomorphism ΦF : lim−→F (Mi)→ F (lim−→Mi) is monic (epic).
Proof. If ρ : F → G and π : G→ F are natural transformations such that πρ = 1F ,
we have the commutative diagram
0 −−−−→ lim−→F (Mi)
lim
−→
ρMi
−−−−→ lim−→G(Mi)
lim
−→
piMi
−−−−−→ lim−→F (Mi) −−−−→ 0
ΦF
y ΦG
y ΦF
y
0 −−−−→ F (lim−→Mi)
ρlim
−→
Mi
−−−−→ G(lim−→Mi)
pilim
−→
Mi
−−−−→ F (lim−→Mi) −−−−→ 0
,
and the conclusion is now obvious. 
Corollary 43. Let M be an object such that Ext1C(M,−) commutes with respect
to a limit of a direct system F. Then every direct summand N of M has the same
property.
Now we are ready to characterize when the covariant Ext1C functors commute
with respect to direct unions. We recall that M is 2-almost projective if it is a
direct summand of a direct sum P ⊕ F with P a projective object and F a finitely
presented object, [15]. For reader’s convenience we include a proof for the following
characterization.
Theorem 44. The following are equivalent for an object M in C:
(1) The functor Ext1C(M,−) commutes with respect to direct unions;
(2) M is a direct summand of an fg-Ω1-object.
(3) M is a 2-almost projective object.
Proof. (1) ⇒ (2) We consider a projective resolution 0 → L
β
→ P → M → 0. By
Theorem 14 there exists a finitely generated object H ≤ L such that the induced
homomorphism β : L/H → P/β(H) is split mono. Since Coker(β) ∼= Coker(β) ∼=
M , it follows thatM is isomorphic to a direct summand of the fg-Ω1-object P/β(H).
(2)⇒(3) It is enough to assume thatM is an fg-Ω1-object. IfM is such an object
then we can consider the diagram (D1) with P projective and L finitely generated.
If U is an object such that P ⊕U is a direct sum of copies of some objects from U ,
we consider the induced exact sequence 0 → L
β
→ P ⊕ U
α⊕1U−→ M ⊕ U → 0. Let
P ⊕ U = ⊕i∈IPi, where all objects Pi are finitely presented and projective. Since
L is finitely generated, there is a finite subset J ⊆ I such that β(L) ⊆ ⊕i∈JPi.
Therefore M ⊕ U ∼= (⊕i∈I\JPi) ⊕ (⊕i∈JPi)/β(L) is a direct sum of a projective
object and a finitely presented object.
(3)⇒(1) In view of Corollary 43, we can assume that M is finitely presented.
Then we apply Corollary 39. 
For arbitrarily direct limits, we have not a general answer. However, for some
particular cases, including coherent categories (C is coherent if every finitely gen-
erated subobject of a projective object is finitely presented), we can apply the
previous result. In order to do this, let us state the following
Proposition 45. Let M be an fg-Ω1-object. The following are equivalent:
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(1) M is an fp-Ω1-object;
(2) Ext1C(M,−) commutes with respect to direct limits.
Proof. (1)⇒(2) Suppose that M is an fp-Ω1-object. As in the proof for (2)⇒(3)
in the previous theorem, we observe that there is a projective object L such that
M ⊕L is a direct sum of an FP2-object and a projective object. Therefore we can
suppose that M is FP2. For this case the result is well known (see [19, Lemma
3.1.6]).
(2)⇒(1) let 0→ K → P →M → 0 be an exact sequence such that K is finitely
generated. Using again the proof of (2) ⇒ (3) in the previous theorem, there is
a projective object K such that M ⊕ K = N ⊕ U , N = P ′/K, where P ′ is a
finitely generated projective object and U is projective such that P ′⊕U = P ⊕K.
Then Ext1C(N,−)
∼= Ext1C(M,−) commutes with respect to direct limits. Since
P ′ is finitely presented we can use Lemma 9, and we conclude that K is finitely
presented. 
From this proposition and its proof we obtain some useful corollaries. First of
them allows us to construct examples of objectsM such that Ext1C(M,−) commutes
with respect to direct unions, but it does not commute with respect to direct limits.
Corollary 46. Suppose that M is an fp-Ω1-object and 0 → L → P → M → 0 is
an exact sequence such that P is finitely generated projective. Then L is finitely
presented.
Consequently, if for every finitely presented object M the functor Ext1C(M,−)
commutes with respect to direct limits then C is coherent.
Proof. We consider an exact sequence 0 → L1 → P1 → M → 0 such that P1 is
finitely presented projective and L1 is finitely presented. By Schanuel’s lemma we
have L1 ⊕ P ∼= L⊕ P1, and now the conclusion is obvious. 
In fact, for coherent categories (in particular for modules over coherent rings
or for the category of modules over the category mod-R) the functor Ext1C(M,−)
commutes with respect to direct limits if and only it it commutes with respect
direct unions:
Corollary 47. Suppose that M has a projective resolution (P) such that Ω1(P) is
a direct union of finitely presented subobjects. The following are equivalent:
(1) Ext1C(M,−) commutes with respect to direct limits;
(2) Ext1C(M,−) commutes with respect to direct unions;
(3) M is a direct summand of an fp-Ω1-object.
Proof. In the proof of Theorem 44 we can choose F such that all Mi are finitely
presented. 
As each countably generated object is a direct union of a chain of finitely gen-
erated modules, Theorem 44, Example 2(1) and the previous result implies the
following consequence:
Corollary 48. If Ext1(M,−) commutes with direct sums and L is countable gener-
ated, thenM is 2-almost projective, hence Ext1(M,−) commutes with direct unions.
Moreover, for coherent categories we obtain from Theorem 44 a generalization
of [13, Theorem A]:
24 SIMION BREAZ AND JAN ZˇEMLICˇKA
Theorem 49. Suppose that C is a coherent category. The following are equivalent
for an object M and a positive integer n:
(1) the ExtnC(M,−) commutes with respect to direct limits (unions);
(2) in m ≥ n is an integer then then ExtmC (M,−) commutes with respect to
direct limits (unions).
Proof. (1)⇒(2) By dimension shifting formula we can assume n = 1, and it is
enough to prove that Ext2C(M,−) commutes with respect to direct unions.
Let 0 → L
β
→ P → M → 0 be an exact sequence such that P is projective.
By Theorem 14(6) there exists a finitely generated subobject H ≤ L such that the
induced homomorphism β′ : L/H → P/β(H) is split mono. Using Theorem 44 we
obtain that Ext1C(L/H,−) commutes with respect to direct limits. Moreover, we
can view H as a finitely generated subobject of P , hence H is finitely presented.
Therefore for every directed family F = (Mij , vij), in the commutative diagram
lim−→(H,Mi)
//
ΨHF

lim−→Ext
1
C(L/H,Mi) //
Φ
L/H
F

lim−→Ext
1
C(L,Mi)
ΦLF

// lim−→Ext
1
C(H,Mi)
Φβ
F

(H, lim−→Mi)
// Ext1C(L/H, lim−→Mi)
// Ext1C(L, lim−→Mi)
// Ext1C(H, lim−→Mi)
the homomorphisms ΨHF , Φ
L/H
F
and ΦHF are isomorphisms. Then Φ
L
F is also an
isomorphism, and the proof is complete.
(2)⇒(1) is obvious. 
7. Ext-steady rings
We say that the category C is finite ext-steady if for every finitely generated ob-
jectM such that Ext1(M,−) commutes with all direct sums it holds that Ext1(M,−)
commutes with all direct unions.
Proposition 50. The following conditions equivalent:
(1) C is finite ext-steady,
(2) every small subobject of every projective object is finitely generated,
(3) every small subobject of every finitely generated projective object is finitely
generated.
Proof. (1)⇒(2) Let L be a small subobject of a projective object P , i.e. there
exist a cardinal κ, a family Pi ∈ U , i < κ, and a monomorphism L →
⊕
i<κ Pi.
Moreover, as L is small, there exists F ⊂ κ and monomorphism ι : L →
⊕
i∈F Pi.
Put M = Coker(ι). By Lemma 37, the functor Ext1(M,−) commutes with direct
sums, hence it commutes with respect to direct unions by the hypothesis. Thus L
is finitely generated by Theorem 44.
(2)⇒(3) Clear.
(3)⇒(1) Let M be a finitely generated object such that Ext1(M,−) commutes
with direct sums. Then homomorphisms ΨMF , Ψ
P
F and Φ
M
F from the diagram (D1)
are isomorphisms, ΦLF is isomorphism as well, hence L is small. By the hypothesis
L is finitely generated. Thus Ext1(M,−) commutes with direct unions by Theo-
rem 44(4). 
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We say that a unital ring R is right finite ext-steady if the category of all right
R-modules is finite ext-steady.
Example 51. It is proved in [33] that every infinite product of unital rings contains
an infinitely generated small ideal, hence it is not finite ext-steady.
As every finitely generated projective module is a direct summand of a finitely
generated free module we obtain a consequence of the last proposition:
Corollary 52. A ring R is a right finite ext-steady if and only if every small right
ideal is finitely generated.
Proof. By Proposition 50 it is enough to prove that every small submodule I of
every finitely generated free module Rn is finitely generated. Proceed by induction,
the claim is clear for n = 1 hence suppose that n > 1 and denote by π : Rn →
R the canonical projection and by ν : R → Rn the canonical injection on the
first coordinate. As π(I) is small so finitely generated submodule of R, and the
small module I + ν(R)/ν(R) ∼= I/(I ∩ ν(R)) is embeddable into Rn−1, the module
I/(I ∩ ν(R)) is finitely generated by the induction hypothesis. Moreover, I/νπ(I)
and νπ(I) are finitely generated as well because I∩ν(R) ⊂ νπ(I), hence I is finitely
generated. 
Recall that a ring is right steady provided every small right module is necessarily
finitely generated, [16]. However general structural ring-theoretical characterization
of right steady rings is still an open problem, various classes of rings are known
to be right steady (noetherian and perfect [29], semiartinian of countable Loewy
chain [16]). Let us remark here that the criterion of steadiness for commutative
semiartinian rings [30] and for regular semiartinian rings with primitive factors
artinian [36] has a similar form as Corollary 52 since steadiness is in this cases
equivalent to the condition that every small ideal of every factor-ring is finitely
generated.
Corollary 53. The category of right modules over right steady or countable ring
is right finite ext-steady.
Since there are known countable non-steady rings, as it is illustrated in the
following example, the inclusion of classes of steady rings and finite ext-steady
rings is strict.
Example 54. Let F be a countable field and X is a infinite countable set. Then
it is is well known that over the polynomial ring F 〈X〉 in noncommuting variables
X every injective module is small. Thus F 〈X〉 is a non-steady countable ring.
Remark 55. From Proposition 50 and [35, Example 14] we deduce that the ext-
steadiness property is not left-right symmetric.
We conclude the section with generalization of Corollary 48 in the case of modules
over perfect rings.
Proposition 56. Let R be a right perfect ring and M a right R-module such that
Ext1(M,−) commutes with respect to direct sums. Then M is fg-Ω1.
Proof. Denote by J the Jacobson radical of R. Since R is right perfect, L/LJ is
semisimple, hence L/LJ ∼=
⊕
i∈I Si for a family of simple modules (Si, i ∈ I). We
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consider f : L →
⊕
i∈I Si as the canonical projection. Then by Theorem 24 there
exists a finite set F ⊂ I, and g : P →
⊕
i∈I\F Si such that πI\F f = gβ.
Let ρ : Q→
⊕
i∈I\F Si be a projective cover of
⊕
i∈I\F Si which exists because
R is right perfect. As ρ is surjective, there exists a homomorphisms τ : P → Q such
that ρτ = g. Note that Kerρ = QJ is superfluous in Q and ρτβ = gβ = πI\F f , thus
τβ(L) = Q where Q is projective. Clearly, there exists a homomorphism ϕ : Q→ P
such that τβϕ = idQ, hence L = ϕ(Q)⊕Kerτβ and P = βϕ(Q)⊕Kerτ . Since the
factorization by ϕ(Q) induces a short exact sequence
0→ L/ϕ(Q)→ P/βϕ(Q)→M → 0
and P/βϕ(Q) is projective, it remains to prove that L/ϕ(Q) is finitely generated.
This follows from the observations that V = Kerτβ ∼= L/ϕ(Q) and V/V J ∼=⊕
i∈F Si. 
Finally we summarize the results about connections between possible commuting
properties of a functor Ext1(M,−):
Corollary 57. For a right R-module M we consider the following possible proper-
ties:
(DS) Ext1(M,−) commutes with respect to direct sums;
(DU) Ext1(M,−) commutes with respect to direct unions;
(DL) Ext1(M,−) commutes with respect to direct limits.
Then the following are true:
(1) If R is hereditary then (DS)⇔(DU)⇔(DL).
(2) R is right coherent if and only if (DU)⇔(DL) for all right R-modules M .
(3) If R is right perfect then (DS)⇔(DU).
Proof. (1) is a consequence of Proposition 11 (this is also proved in [32]).
(2) is proved in Theorem 49 and Corollary 46.
(3) is a consequence of Proposition 56. 
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